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ABSTRACT
1
The correlation between instantons and QCD-monopoles is studied both in
the lattice gauge theory and in the continuum theory. From a simple topological
consideration, instantons are expected to live only around the QCD-monopole tra-
jectory in the abelian gauge. First, the instanton solution is analytically studied
in the Polyakov-like gauge, where A
4
(x) is diagonalized. The world line of the
QCD-monopole is found to be penetrate the center of each instanton inevitably.
For the single-instanton solution, the QCD-monopole trajectory becomes a simple
straight line. On the other hand, in the multi-instanton system, the QCD-monopole
trajectory often has complicated topology including a loop or a folded structure,
and is unstable against a small uctuation of the location and the size of instan-
tons. We also study the thermal instanton system in the Polyakov-like gauge.
At the high-temperature limit, the monopole trajectory becomes straight lines in
the temporal direction. The topology of the QCD-monopole trajectory is drasti-
cally changed at a high temperature. Second, the correlation between instantons
and QCD-monopoles is studied in the maximally abelian (MA) gauge and/or the
Polyakov gauge using the SU(2) lattice with 16
4
. The abelian link variable u

(s) is
decomposed into the singular (monopole-dominating) part u
Ds





(s). The instanton numbers, Q(Ds) and Q(Ph), are






(s), which are reconstructed







A strong correlation is found between Q(Ds) in the singular part and the ordi-
nary topological charge Q(SU(2)) even after the Cabibbo-Marinari cooling. On
the other hand, Q(Ph) quickly vanishes by several cooling sweeps, which means
the absence of instantons in the regular part. Such a monopole dominance for the
topological charge is found both in the MA gauge and in the Polyakov gauge.
2
1. Topological Consideration
Recently, essential roles of monopole condensation [1-4] to the nonper-
turbative QCD are strongly suggested by the studies based on the lattice gauge
theory [5-15]. As 't Hooft pointed out [4], the nonabelian gauge theory
as QCD is reduced to an abelian gauge theory with magnetic monopoles (QCD-
monopoles) by the abelian gauge xing, which is dened by the diagonalization of
a gauge-dependent variable X(x). The QCD-monopole appears from the hedge-














, and its condensation leads to the color
connement through the dual Meissner eect. The crucial role of QCD-monopole
condensation to the chiral-symmetry breaking is also supported by recent lattice
studies [8,12,13] and the model analyses [16-20]. The instanton [21] is also an
important topological object in QCD relating to the U
A
(1) anomaly, and appears









Recent lattice studies [5-15] indicate the abelian dominance [4,22] for the
nonperturbative quantities in the maximally abelian (MA) gauge and/or in the
Polyakov gauge. If the system is completely described only by the abelian eld, the
instanton would lose the topological basis for its existence, and therefore it seems
unable to survive in the abelian manifold. However, even in the abelian gauge,
nonabelian components remain relatively large around the QCD-monopoles, which
are nothing but the topological defects, so that instantons are expected to survive
only around the world lines of the QCD-monopole in the abelian-dominating system.
The close relation between instantons and QCD-monopoles are thus suggested from
the topological consideration. In this paper, we study the correlation between




2.1 Abelian Gauge Fixing and Monopole Charge
First, the abelian gauge xing is studied with attention to the ordering condi-
tion [14], which is closely related to the magnetic charge of QCD-monopoles. In
general, the abelian gauge xing consists of two sequential procedures.
1: The diagonalization of a gauge-dependent variable X(x) by a suitable gauge
transformation : X(x)! X
d














by the diagonalization of X(x).
2: The ordering on the diagonal elements of X
d




























ordering condition on X
d
(x) [14].
The magnetic charge of the QCD-monopole is closely related to the ordering
condition in the diagonalization in the abelian gauge xing [14]. For instance, in
the SU(2) case, the hedgehog conguration as X(x) = (x ) and the anti-hedgehog
one as X(x) =  (x ) provide a QCD-monopole with an opposite magnetic charge,














with an arbitrary constant . Here, 
 physically means the rotation of angle  in
the internal SU(2) space, and it interchanges the diagonal elements ofX
d
(x), which





(x). Thus, the magnetic charge of







-symmetry is also important for the argument of gauge dependence. If
a variable holds the residual gauge symmetry in the abelian gauge, it is proved to
be SU(N
c
) gauge invariant [7]. However, one should carefully examine the resid-




















symmetry. Hence, gauge dependence of a phys-



































2.2 QCD-monopoles in the Polyakov-like Gauge
We demonstrate a close relation between instantons and QCD-monopoles in the
Euclidean SU(2) gauge theory in continuum [16-19]. Since there is an ambiguity on
the gauge-dependent variable X(x) to be diagonalized in the abelian gauge xing
[4,16], it would be a wise way to choose a suitable X(x) so that the instanton
conguration can be simply described. Here, we adopt the Polyakov-like gauge
[14], where A
4
(x) is diagonalized. The Polyakov-like gauge has a large similarity
to the Polyakov gauge, because the Polyakov loop P (x) is also diagonal in this
gauge.
Using the 't Hooft symbol 
a


















































denote the center coordinate and the size of k-th
instanton, respectively. Near the center of k-th instanton, A
4






















by a singular gauge transformation, which provides a QCD-monopole on the cen-
ter of the hedgehog, x = x
k
. Thus, the center of each instanton is inevitably
penetrated by a QCD-monopole trajectory along the temporal direction in the
Polyakov-like gauge [14,18]. In other words, instantons exist only along the QCD-
monopole trajectories.
2.3 QCD-monopole Trajectory in the Multi-Instanton System
For the single-instanton system, A
4




























The diagonalization of A
4
(x) is carried out using a time-independent singular gauge








































with  and  being the polar and azimuthal angles: x x
1
= (sin  cos ; sin  sin ; cos ).




(x) is time-independent, A
4










After the singular gauge transformation by 


















which leads to the QCD-monopole with the magnetic charge g = 4=e [16]. The





(x) = 0 in Eq.(2.5). Hence, the QCD-monopole trajectory x

 (x; t) becomes
a simple straight line penetrating the center of the instanton as shown in Fig.1 (a),
x = x
1
( 1 < t <1); (2:9)
at the classical level in the Polyakov-like gauge [16,14,18]. Similar relation for the
QCD-monopole in a single instanton is found also in the MA gauge [24].
It should be noted that the singularity of A

(x) at the center of the instanton




















provides the same QCD-monopole trajectory as mentioned above. It is also worth
mentioning that the QCD-monopole trajectory is not changed by the residual
U(1)
3
-gauge transformation, so that QCD-monopoles in the Polyakov-like gauge
are identical to those, e.g., in the temporal gauge: A
4
(x) = 0.









in the above argument [21]. Since this replacement
interchanges the hedgehog and the anti-hedgehog on A
4
(x), it leads to the change of
the QCD-monopole charge as mentioned in Section 2.1. Then, the QCD-monopole
with the opposite magnetic charge,  g, appears and passes through the center of
the anti-instanton as shown in Fig.1 (b). In Figs.1 (a) and (b), relative dierence
on the QCD-monopole charge is expressed by the direction of the arrow.
For the two-instanton system, two instanton centers can be put on the zt-plane
by a suitable spatial rotation in R
3









= 0. Owing to the axial-symmetry around the z-axis of the
system, the QCD-monopole trajectory only appears on the zt-plane, and hence
one has only to examine A
4
(x) on the zt-plane by setting x = y = 0. In this case,
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A4
(x) is already diagonalized on the zt-plane:
A
4






























Therefore, the QCD-monopole trajectory x

= (x; y; z; t) is simply given by x =
y = 0 and A
3
4























(x) takes a hedgehog or an anti-hedgehog conguration near the QCD-
monopole at each t.
We show in Figs. 2 (a),(b) and (c) the typical examples of the QCD-monopole
trajectory in the two-instanton system. The QCD-monopole trajectories are found
to be rather complicated even at the classical level. Fig.2 (a) shows the simplest















; 0). In this case, the QCD-monopole trajectory (z; t)
is analytically solved [18] as

















and there appear two junctions and a loop in the QCD-monopole trajectory [18].
Here, the QCD-monopole charge calculated is expressed by the direction of the
arrow.















) =(1,0.05). In this case, the QCD-
monopole trajectory has a folded structure [14]. Fig.2 (c) shows an example for








)=(1,0), but with a




. There appears a QCD-monopole loop in this case
[14]. Thus, the QCD-monopole trajectories originating from instantons are very
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unstable against a small uctuation relating to the location or the size of instantons
[14].
For a general N -instanton system with N  3, it is rather dicult to nd
a suitable gauge transformation diagonalizing A
4
(x), and therefore it is hard to
obtain the QCD-monopole trajectory. However, the QCD-monopole trajectory
can be also obtained by x = y = 0 and A
4
(z; t) = 0 as Eq.(2.12) for the multi-
instantons located on the zt-plane. Hence, we have examined such a special case
in the multi-instanton system.
In general, the QCD-monopole trajectory becomes highly complicated and un-
stable in the multi-instanton system even at the classical level, and a small uctu-
ation of instantons often changes the topology of the QCD-monopole trajectory as
shown in Fig.2. In addition, the quantum uctuation would make it more compli-
cated and more unstable, which leads to appearance of a long twining trajectory
as a result. Hence, instantons may contribute to promote monopole condensa-
tion, which is signaled by a long complicated monopole loop in the lattice QCD
simulation [7,9,10].
2.4 QCD-monopole Trajectory in the Thermal-Instanton System
We also study the thermal instanton system in the Polyakov-like gauge. The

























































In this system, A
4


























j)  cosf2T (t  t
k
)g
  2T jx  x
k
j 
1   cosh(2T jx  x
k

































becomes time-independent, so thatA
4



























) = 0, These points
x
s
includes all the centers of instantons, x
k
, and become the centers of the (anti-)
hedgehog conguration on A
4
(x). Thus, the QCD-monopole trajectory is reduced
to simple straight lines
x = x
s
( 1 < t <1); (2:18)
where each instantons are penetrated in the temporal direction. Such a simplica-
tion of the QCD-monopole trajectory may corresponds to the deconnement phase
transition through the vanishing of QCD-monopole condensation [5-11,17,25].
For the thermal two-instanton system, all instanton centers can be put on
the zt-plane by a suitable spatial rotation in R
3
like the two-instanton system




= 0 (k = 1; 2). Owing to the axial-
symmetry around the z-axis of the system, the QCD-monopole trajectory only
appears on the zt-plane, where A
4
(x) in Eq.(2.15) is already diagonalized. Hence,
the QCD-monopole trajectory x

= (x; y; z; t) is simply given by x = y = 0 and
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A4
(z; t;x = y = 0) = 0. Here, A
4
(x) takes a hedgehog or an anti-hedgehog
conguration near the QCD-monopole at each t.
We show in Fig.3 the typical examples of the QCD-monopole trajectory in the
thermal two-instanton system. As temperature goes high, the trajectory tends to
be straight lines in the temporal direction. There also appears the QCD-monopole
with the opposite magnetic charge at the point satisfying A
4
(x) = 0. The topology




, where d is
the distance between the two instantons. If one adopts d  1fm as a typical mean




3. Instanton and Monopole on Lattice
3.1 Framework
We study the correlation between instantons and QCD-monopoles in the max-
imally abelian (MA) gauge [12] and in the Polyakov gauge using the SU(2) lattice
with 16
4
and  = 2:4. All measurements are done every 500 sweeps after a ther-
malization of 1000 sweeps using the heat-bath algorithm. After generating the
gauge congurations, we examine the monopole dominance [5-15] for the topolog-
ical charge using the following procedure [12,14].











in the MA gauge, and/or the Polyakov loop P (s) in the Polyakov gauge.
2: The SU(2) link variable U



















































(s) transforms as the charged matter eld.
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(s) <  and M








respond to the regular photon part and the Dirac string part, respectively
[26].
4: The U(1) gauge eld 










where the regular part 
Ph

(s) and the singular part 
Ds





















































). The singular part carries almost the same
amount of the magnetic current as the original U(1) eld, whereas it scarcely
carries the electric current. The situation is just the opposite in the regular
part. For this reason, we regard the singular part as `monopole-dominating',
and the regular part as `photon-dominating' [12,14].







































(s), we calculate the topological charge Q
and the integral I
Q














































is introduced to get information on the instanton and anti-instanton
pair [12,14]. Three sets of quantities are thus obtained:
U

















Of course, fQ(SU(2)), I
Q
(SU(2)), S(SU(2))g dened with the full SU(2)
link variable is a set of the ordinary quantities. On the other hand, fQ(Ds),
I
Q
(Ds), S(Ds)g and fQ(Ph), I
Q
(Ph), S(Ph)g provide the information on the
singular (monopole-dominating) part and the regular (photon-dominating)
part, respectively.
7: The correlations among these quantities are examined using the Cabibbo-
Marinari cooling method.
We prepare 40 samples for the MA gauge and the Polyakov gauge, respectively.
These simulations have been performed on the Intel Paragon XP/S(56node) at
the Institute for Numerical Simulations and Applied Mathematics of Hiroshima
University. Since quite similar results have been obtained in the MA gauge [12]
and in the Polyakov gauge, only latter case is shown below.
3.2 Monopole Dominance for Topological Charge on Lattice
Fig.4 shows the correlation among Q(SU(2)), Q(Ds) and Q(Ph) at various cool-
ing sweeps in the Polyakov gauge. A strong correlation is found between Q(SU(2))
and Q(Ds), which is dened in singular (monopole-dominating) part. Such a strong
correlation remains even at 80 cooling sweeps. On the other hand, Q(Ph) quickly
vanishes only by several cooling sweeps, and no correlation is seen between Q(Ph)
and Q(SU(2)).
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We show in Fig.5 the cooling curves for Q, I
Q
and S in a typical example with
Q(SU(2)) 6= 0 in the Polyakov gauge. Similar to the full SU(2) case, Q(Ds), I
Q
(Ds)
and S(Ds) in the singular (monopole-dominating) part tends to remain nite during
the cooling process. On the other hand, Q(Ph), I
Q
(Ph) and S(Ph) in the regular
part quickly vanish by only several cooling sweeps. Therefore, instantons seems
unable to live in the regular (photon-dominating) part, but only survive in the
singular (monopole-dominating) part in the abelian gauges.
We show in Fig.6 the cooling curves for Q, I
Q
and S are examined in the
case with Q(SU(2)) = 0 in the Polyakov gauge. Similar to the full SU(2) results,
I
Q
(Ds) and S(Ds) decrease slowly and remain nite even at 70 cooling sweeps,
which indicates the existence of the instanton and anti-instanton pair in the sin-
gular (monopole-dominating) part. On the other hand, I
Q
(Ph) and S(Ph) quickly
vanish, which indicates the absence of such a topological pair excitation in the
regular (photon-dominating) part [14].
In conclusion, the monopole dominance for the topological charge is found both
in the MA gauge and in the Polyakov gauge. In particular, instantons would sur-
vive only in the singular (monopole-dominating) part in the abelian gauges, which
agrees with the result in our previous analytical study.
4. Summary and Concluding Remarks
We have studied the relation between instantons and monopoles in the abelian
gauge. Simple topological consideration indicates that instantons survive only
around the QCD-monopole trajectory, which is the topological defect.
We have found a close relation between instantons and the QCD-monopole
trajectory in the Polyakov-like gauge, where A
4
(x) is to be diagonalized. Every
instantons are penetrated by the world lines of QCD-monopoles inevitably. The
QCD-monopole trajectory in R
4
tends to be folded and complicated in the multi-
instanton system, although it becomes a simple straight line in the single-instanton
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solution. The QCD-monopole trajectory is very unstable against a small uctua-
tion on the location and the size of instantons.
We have also studied the thermal instanton system in the Polyakov-like gauge.
At the high-temperature limit, the QCD-monopole trajectory becomes straight
lines in the temporal direction. The QCD-monopole trajectory drastically changes
its topology at a high temperature.
We have studied the correlation between instantons and QCD-monopoles. in
the maximally abelian (MA) gauge and/or the Polyakov gauge on SU(2) lattice
with 16
4
(=2.4). The abelian link variable u

(s) is decomposed into the singu-
lar (monopole-dominating) part u
Ds












(s), which are reconstructed by multiplying the






(s), respectively. Topological charge
Q(Ds) in the singular (monopole-dominating) part remains to have a nite number
during the cooling process. On the other hand, Q(Ph) quickly vanishes by several
cooling sweeps, which indicates the absence of instantons in the regular (photon-
dominating) part. Thus, instantons cannot live in the regular (photon-dominating)
part, but survive in the singular (monopole-dominating) part. We have found a
strong correlation between Q(Ds) and the ordinary topological charge Q(SU(2))
during the cooling process. We have found such a monopole dominance for the
topological charge both in the MA gauge and in the Polyakov gauge.
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Figure Captions
Fig:1 The QCD-monopole trajectory (a) in the single-instanton system, (b) in the
single anti-instanton system. The (anti-)instanton is denoted by a small
circle.






















































= 2d; (b) at
T
 1














= 2d; (d) at T
 1
= 1:5d.
Fig:4 (a) Correlations between Q(Ds) and Q(SU(2)) at various cooling sweeps. (b)
Correlations between Q(Ph) and Q(SU(2)) at various cooling sweeps.
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Fig:5 Cooling curves for (a) Q(SU(2)), I
Q
(SU(2)), S(SU(2)); (b) Q(Ds), I
Q
(Ds),
S(Ds); (c) Q(Ph), I
Q
(Ph), S(Ph) in the case with Q(SU(2)) 6= 0:
F ig:6 Cooling curves for (a) Q(SU(2)), I
Q
(SU(2)), S(SU(2)); (b) Q(Ds), I
Q
(Ds),
S(Ds); (c) Q(Ph), I
Q
(Ph), S(Ph) in the case with Q(SU(2)) = 0.
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